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Squarefree Totients p− 1 And Primitive Roots
Nelson Carella
Abstract :This note determines an effective asymptotic formula for the number of squarefree to-
tients p− 1 with a fixed primitive root u 6= ±1, v2.
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1 Introduction
Let x ≥ 1 be a large number, and fix an integer u 6= 0. This note is concerned with the analysis
for the density of the subset of primes with squarefree totients p− 1 and a fixed primitive root u.
More precisely, the subset of such primes is defined by
P∗ = {p ∈ P : µ(p− 1) 6= 0 and ordp(u) = p− 1}. (1)
The corresponding counting function is defined by
pi∗(x) = #{p ≤ x : µ(p− 1) 6= 0 and ordp(u) = p− 1}. (2)
An asymptotic formula for this function is derived here.
Theorem 1.1. Let x ≥ 1 be a large number,and let u 6= ±1, v2 be a fixed integer. Then,
pi∗(x) = cu li(x) +O
(
x
logB x
)
, (3)
where the density cu > 0 depends on u, the density of squarefree totients, and B > 1 is an arbitrary
constant.
After the preliminary preparation in Sections 2 to 5, the proof of Theorem 1.1 is completed in
Section 6. Earlier related results for primitive roots appears in [7], [9], [?], [5], et alii.
April 18, 2019
AMS MSC : Primary 11A07, Secondary 11N05.
Keywords:Primitive root; Squarefree totient; Distribution of primes.
1
Squarefree Totients p− 1 And Primitive Roots 2
2 Representations of the Characteristic Function
The order of an element in the cyclic group F×p is defined by ordp(v) = min{k : vk ≡ 1 mod p}.
Primitive elements in this cyclic group have order p − 1 = #G. The characteristic function
Ψ : G −→ {0, 1} of primitive elements is one of the standard analytic tools employed to investigate
the various properties of primitive roots in cyclic groups G. Many equivalent representations of the
characteristic function Ψ of primitive elements are possible. The standard characteristic function
detects primitive elements by means of the divisors of p− 1. This is discussed in [13, p. 258], [16,
p. 17], and similar references.
A new divisors-free representation of the characteristic function of primitive element is developed
here. The divisors-free representation of the characteristic function, Lemma 2.1, detects the order
ordp(u) ≥ 1 of the element u ∈ Fp by means of the solutions of the equation τn − u = 0 in Fp,
where u, τ are constants, and 1 ≤ n < p− 1, gcd(n, p− 1) = 1, is a variable.
Lemma 2.1. Let p ≥ 2 be a prime, and let τ be a primitive root mod p. For a nonzero element
u ∈ Fp, the followings hold: If ψ 6= 1 is a nonprincipal additive character of order ordψ = p, then
Ψ(u) =
∑
gcd(n,p−1)=1
1
p
∑
0≤k≤p−1
ψ ((τn − u)k) (4)
=
{
1 if ordp(u) = p− 1,
0 if ordp(u) 6= p− 1.
Proof. As the index n ≥ 1 ranges over the integers relatively prime to p− 1, the element τn ∈ Fp
ranges over the primitive roots mod p. Ergo, the equation
τn − u = 0 (5)
has a solution if and only if the fixed element u ∈ Fp is a primitive root. Next, replace ψ(z) =
ei2pikz/p to obtain
Ψ(u) =
∑
gcd(n,p−1)=1
1
p
∑
0≤k≤p−1
ei2pi(τ
n−u)k/p =
{
1 if ordp(u) = p− 1,
0 if ordp(u) 6= p− 1. (6)
This follows from the geometric series identity
∑
0≤k≤N−1 w
k = (wN − 1)/(w − 1) with w 6= 1,
applied to the inner sum. 
3 Estimates Of Exponential Sums
Exponential sums indexed by the powers of elements of nontrivial orders have applications in math-
ematics and cryptography. These applications have propelled the development of these exponential
sums.
Theorem 3.1. ([6, Lemma 4]) For integers a, k,N ∈ N, assume that gcd(a,N) = c, and that
gcd(k, t) = d.
(i) If the element θ ∈ ZN is of multiplicative order t ≥ t0, then
max
1≤a≤p−1
∣∣∣∣∣∣
∑
1≤x≤t
ei2piaθ
kx/N
∣∣∣∣∣∣ < cd1/2N1/2. (7)
(ii) If H ⊂ Z/NZ is a subset of cardinality #H ≥ Nδ, δ > 0, then
max
gcd(a,ϕ(N))=1
∣∣∣∣∣∑
x∈H
ei2piaθ
x/N
∣∣∣∣∣ < N1−δ. (8)
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Various upper bounds of exponential sums over subsets of elements in finite rings (Z/NZ)× can
be used to prove the next result, which is used in the proof of Theorem 1.1. The reader should
consult the literature, such as [4], [3], [2, Theorem 2.1], [12], and references within the cited papers.
For any fixed 0 6= b ∈ Fp, and a primitive root τ ∈ Fp, the map τn −→ bτn is one-to-one in Fp.
Consequently, the subsets
{τn : gcd(n, p− 1) = 1} and {bτn : gcd(n, p− 1) = 1} ⊂ Fp (9)
have the same cardinalities. As a direct consequence the exponential sums∑
gcd(n,p−1)=1
ei2pibτ
n/p and
∑
gcd(n,p−1)=1
ei2piτ
n/p, (10)
have the same upper bound up to an error term. An asymptotic relation for the exponential sums
(10) is provided in Lemma 3.1. This result expresses the first exponential sum in (10) as a sum of
simpler exponential sum and an error term.
Lemma 3.1. ([5, Lemma 4.1]) Let p ≥ 2 be a large primes. If τ be a primitive root modulo p,
then, ∑
gcd(n,p−1)=1
ei2pibτ
n/p =
∑
gcd(n,p−1)=1
ei2piτ
n/p +O(p1/2 log3 p), (11)
for any b ∈ [1, p− 1].
4 Evaluation Of The Main Term
Let Psf = {p ∈ P : µ(p−1) 6= 0} be the subset of primes with squarefree totients. The correspond-
ing primes counting function is defined by
pisf (x) = #{p ≤ x : µ(p− 1) 6= 0}. (12)
Theorem 4.1. Let x ≥ 1 be a large number, and let B ≥ 1 be a constant. Then,
pisf (x) = a0 li(x) +O
(
x
logB x
)
, (13)
where a0 =
∏
p≥2 (1− 1/p(p− 1)) is the density constant.
A more general result for k-free numbers n = p + m was derived in [15]. Similar analysis for
squarefree numbers also appear in [17, Theorem 11.22], [8, Theorem 2], and [18].
The Siegel-Walfisz theorem, [14], [17, p. 381], and [20, p. 376], and the previous theorem are used
here to extends this result to arithmetic progressions p = qn+1 with squarefree p−1 = qn. Toward
this ends, define the function
pisf (x, q, a) = #{p = qn+ a ≤ x : µ(p− 1) 6= 0 and gcd(a, q) = 1}. (14)
Theorem 4.2. Let x ≥ 1 be a large number, and let C > 1 be a constant. Then,
pisf (x, q, a) = a0
li(x)
ϕ(q)
+O
(
x
logB x
)
, (15)
where gcd(a, q) = 1 and q = O(logC x), with C ≥ B > 1 arbitrary.
The various expressions involving the logarithm integral can be handled using the asymptotic
formula
li(x) =
∫ x
2
1
log z
dz =
x
log x
+O
(
x
log2 x
)
. (16)
The previous result for squarefree totients is used to obtain an asymptotic formula for the average
order of normalized totients function over the squarefree totients.
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Theorem 4.3. Let x ≥ 1 be a large number, and let B > 1 be a constant. Then,∑
p≤x
ϕ(p− 1)
p− 1 µ(p− 1)
2 = a20 li(x) +O
(
x
logB x
)
, (17)
where a0 > 0 is the density of squarefree totients.
Proof. Use the identity ϕ(n)/n =
∑
d|n µ(d)/d, see [1], [11, p. 15], and reverse the order of sum-
mation to evaluate the finite sum:
S0 =
∑
p≤x
ϕ(p− 1)
p− 1 µ(p− 1)
2
=
∑
p≤x
µ(p− 1)2
∑
d | p−1
µ(d)
d
=
∑
d≤x
µ(d)
d
∑
p≤x
d|p−1
µ(p− 1)2 (18)
=
∑
d≤x
µ(d)
d
· pisf (x, d, 1).
An application of the Mirsky-Siegel-Walfisz theorem 4.2 requires a dyadic decomposition
S0 =
∑
d≤x
µ(d)
d
· pisf (x, d, 1) (19)
=
∑
d≤logC x
µ(d)
d
· pisf (x, d, 1) +
∑
logC x≤d≤x
µ(d)
d
· pisf (x, d, 1)
= S1 + S2,
where C > 1 is an arbitrary constant. Use Theorem 4.2 to complete the evaluation of the finite
sum S1:
S1 =
∑
d≤logC x
µ(d)
d
· pisf (x, d, 1)
=
∑
d≤logC x
µ(d)
d
(
a0 li(x)
ϕ(d)
+O
(
x
logB x
))
(20)
= a0 li(x)
∑
d≤logC x
µ(d)
dϕ(d)
+O
 x
logB x
∑
d≤logC x
1
d

= a0L(1, µϕ) li(x) +O
(
x log log x
logB x
)
.
Here the canonical density series, confer [16, p. 16],
L(s, µϕ) =
∑
n≥1
µ(n)
nsϕ(n)
=
∏
p≥2
(
1− 1
ps(p− 1)
)
(21)
converges for <e(s) ≥ 1. Thus, the sum∑n≤z µ(n)/nϕ(n) = a0+O(log z/z), since a0 = L(1, µϕ) =∏
p≥2 (1− 1/p(p− 1)) .
The estimate for the finite sum S2 uses Brun-Titchmarsh theorem
pi(x, q, a) ≤ (2 + o(1)x
ϕ(q) log(x/q)
≤ 3x
ϕ(q) log x
, (22)
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for 1 ≤ q < x, see [14], and [20, p. 83]. Since pisf (x, q, a) ≤ pi(x, q, a), the estimated upper bound is
|S2| =
∣∣∣∣∣∣
∑
logC x≤d≤x
µ(d)
d
· pisf (x, d, 1)
∣∣∣∣∣∣
≤ 3x
log x
∑
logC x≤d≤x
1
dϕ(d)
 x
logC+1 x
∑
d≤x
1
ϕ(d)
(23)
 x
logC x
.
The third line uses 1/d ≤ 1/ logC x, and fourth line uses ∑n≤x 1/ϕ(n)  log x, see [17, p. 42].
Combine the expressions S0 = S1 + S2 to obtain∑
d≤x
µ(d)
d
· pisf (x, d, 1) = S1 + S2
=
(
a20 li(x) +O
(
x
logB x
))
+O
(
x
logC x
)
= a20 li(x) +O
(
x
logB x
)
,
where C ≥ B > 1 is an arbitrary constant. 
Related analysis for the set of all primes appears in [19, Lemma 1].
Lemma 4.1. Let x ≥ 1 be a large number, and let µ(n) be the Mobius function. Then,∑
p≤x
µ(p− 1)2
p
∑
gcd(n,p−1=1
1 = a20 li(x) +O
(
x
logB x
)
, (24)
where the constant a0 > 0 is the density of the squarefree totients p− 1, and B > 1 is arbitrary.
Proof. A routine rearrangement gives
M(x) =
∑
p≤x
µ(p− 1)2
p
∑
gcd(n,p−1)=1
1
=
∑
p≤x
ϕ(p− 1)
p
µ(p− 1)2 (25)
=
∑
p≤x
ϕ(p− 1)
p− 1 µ(p− 1)
2 −
∑
p≤x
ϕ(p− 1)
p(p− 1) µ(p− 1)
2
= T0 + T1.
The second finite sum has the upper bound
T1 =
∑
p≤x
ϕ(p− 1)
p(p− 1) µ(p− 1)
2 = O(log x). (26)
Applying Theorem 4.3, and summing the expressions lead to
T0 + T1 =
(
a20 li(x) +O
(
x
logB x
))
+O (log x) (27)
= a20 li(x) +O
(
x
logB x
)
,
where C ≥ B > 1 is an arbitrary constant. 
Squarefree Totients p− 1 And Primitive Roots 6
5 Estimates For The Error Term
The upper bounds of exponential sums over subsets of elements in finite rings (Z/NZ)× are used
to estimate the error term E(x) in the proof of Theorem 1.1.
Lemma 5.1. Let p ≥ 2 be a large prime, let ψ 6= 1 be an additive character, and let τ be a
primitive root mod p. If the element u 6= 0 is not a primitive root, then,∑
x≤p≤2x
µ(p− 1)2
p
∑
gcd(n,p−1)=1,
∑
0<k≤p−1
ψ ((τn − u)k) x1−ε (28)
for all sufficiently large numbers x ≥ 1 and an arbitrarily small number ε > 0.
Proof. Let ψ(z) = ei2piz/p. By hypothesis u 6= τn for any n ≥ 1 such that gcd(n, p− 1) = 1. Thus,∑
0<k≤p−1
ψ((τn − u)k) =
∑
0<k≤p−1
ei2pi(τ
n−u)k/p = −1. (29)
Therefore, it has the trivial upper bound
|E(x)| =
∣∣∣∣∣∣
∑
x≤p≤2x
µ(p− 1)2
p
∑
gcd(n,p−1)=1,
∑
0<k≤p−1
ψ ((τn − u)k)
∣∣∣∣∣∣
≤
∑
x≤p≤2x
ϕ(p− 1)
p
≤ 1
2
∑
x≤p≤2x
1 (30)
≤ 1
2
x
log x
+O
(
x
log2 x
)
.
To sharpen this upper bound, rearrange the triple finite sum in the form
E(x) =
∑
x≤p≤2x
µ(p− 1)2
p
∑
0<k≤p−1,
∑
gcd(n,p−1)=1
ψ((τn − u)k)
=
∑
x≤p≤2x
µ(p− 1)2
p
∑
0<k≤p−1
e−i2pi
uk
p
 ∑
gcd(n,p−1)=1
ei2pi
kτn
p

=
∑
x≤p≤2x
µ(p− 1)2
p
∑
0<k≤p−1
e−i2pi
uk
p
 (31)
×
 ∑
gcd(n,p−1)=1
ei2pi
τn
p +O(p1/2 log3 p)

=
∑
x≤p≤2x
UpVp,
where the third line in equation (31) follows from Lemma 3.1. The absolute value of the first
exponential sum Up is given by
|Up| =
∣∣∣∣∣∣µ(p− 1)
2
p
∑
0<k≤p−1
e−i2piuk/p
∣∣∣∣∣∣ ≤ 1p . (32)
This follows from the exact value
∑
0<k≤p−1 e
i2piuk/p = −1 for u 6= 0. And the absolute value of
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the second exponential sum Vp has the upper bound
|Vp| =
∣∣∣∣∣∣
∑
gcd(n,p−1)=1
ei2piτ
n/p +O
(
p1/2 log3 p
)∣∣∣∣∣∣

∣∣∣∣∣∣
∑
gcd(n,p−1)=1
ei2piτ
n/p
∣∣∣∣∣∣+ p1/2 log3 p (33)
 p1−ε,
where ε < 1/2 is an arbitrarily small number, see Theorem 3.1. Taking absolute value in (31), and
replacing the estimates (32) and (33) return∑
x≤p≤2x
|UpVp| ≤
∑
x≤p≤2x
|Up| |Vp|

∑
x≤p≤2x
1
p
· p1−ε (34)
 1
xε
∑
x≤p≤2x
1
 x
1−ε
log x
,
where the number of primes in the short interval [x, 2x] is pi(2x)− pi(x) ≤ 2x/ log x. 
6 Asymptotic For Squarefree Totients p−1 And Fixed Prim-
itive Root
Let p ∈ P = {2, 3, 5, . . .} be a large prime, and let µ(n) = −1, 0, 1 be the Mobius function. The
weighted characteristic function for primitive roots u ∈ Fp in a finite field with squarefree totient
p− 1 satisfies the relation
µ(p− 1)2Ψ(u) =
{
1 if µ(p− 1) 6= 0 and ordp(u) = p− 1,
0 if µ(p− 1) = 0 or ordp(u) 6= p− 1. (35)
The definition of the characteristic function Ψ(u) is given in Lemma 2.1, and the Mobius function
is defined by µ(n) = ±1 if n ≥ 1 is a squarefree integer, otherwise it vanishes.
6.1 Main Result
This subsection verifies the claim in Theorem 1.1 for the counting function
pi∗(x) = #{p ≤ x : µ(p− 1) 6= 0 and ordp(u) = p− 1} (36)
for squarefree totients with a fixed primitive root.
Proof. Let x0 ≥ 1 be a large constant and suppose that u 6= ±1, v2 is not a primitive root for all
primes p ≥ x0 such that µ(p− 1) 6= 0. Let x > x0 be a large number, and consider the sum of the
weighted characteristic function over the short interval [x, 2x], that is,
0 =
∑
x≤p≤2x
µ(p− 1)2Ψ(u). (37)
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Replacing the characteristic function, Lemma 2.1, and expanding the nonexistence equation (37)
yield
0 =
∑
x≤p≤2x
µ(p− 1)2Ψ(u) (38)
=
∑
x≤p≤2x
µ(p− 1)2
1
p
∑
gcd(n,p−1)=1,
∑
0≤k≤p−1
ψ ((τn − u)k)

= au
∑
x≤p≤2x
µ(p− 1)2
p
∑
gcd(n,p−1)=1
1
+
∑
x≤p≤2x
µ(p− 1)2
p
∑
gcd(n,p−1)=1,
∑
0<k≤p−1
ψ ((τn − u)k)
= M(x) + E(x),
where au > 0 is a constant depending on u and the density of squarefree totients p− 1.
The main term M(x) is determined by a finite sum over the trivial additive character ψ = 1,
and the error term E(x) is determined by a finite sum over the nontrivial additive characters
ψ = ei2pik/p 6= 1.
Let B > 1 be an arbitrary constant. Applying Lemma 4.1 to the main term, and Lemma 5.1 to
the error term yield∑
x≤p≤2x
µ(p− 1)2Ψ(u) = M(x) + E(x)
= au
(
a20 (li(2x)− li(x)) +O
(
x
logB x
))
+O(x1−ε)
= culi(x) +O
(
x
logB x
)
> 0, (39)
where the density constant cu = aua
2
0 > 0.
Clearly, this contradicts the hypothesis (37) for all sufficiently large number x > x0. Ergo, the
number of primes p ≤ x in the short interval [x, 2x] with squarefree totient p − 1 and a fixed
primitive root u 6= ±1, v2 is unbounded as x→∞. This analysis proves that
pi∗(x) =
∑
p≤x
µ(p− 1)2Ψ(u) = culi(x) +O
(
x
logB x
)
(40)
is the correct asymptotic counting function. 
The logarithm integral difference li(2x) − li(x) = x/ log x + O (x/ log2 x) = li(x) is evaluated via
(16) in Section 4. A formula for computing the density constants au appears in [10, p. 218], [16,
p. 16] and similar references.
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